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Abstract
For any positive integer n, let wn =
(2n−1
n−1
) = 12 (2nn ). Wolstenholme proved that if p is a prime  5,
then wp ≡ 1 (mod p3). The converse of Wolstenholme’s theorem, which has been conjectured to be true,
remains an open problem. In this article, we establish several relations and congruences satisfied by the
numbers wn, and we deduce that this converse holds for many infinite families of composite integers n.
In passing, we obtain a number of congruences satisfied by certain classes of binomial coefficients, and
involving the Bernoulli numbers.
© 2007 Elsevier Inc. All rights reserved.
MSC: 11A07; 11A41; 11B65; 11B68
1. Introduction
Wolstenholme’s theorem [W,HW,D,Gr] asserts that if p is a prime number 5, then the bino-
mial coefficient wp =
(2p−1
p−1
)
satisfies the congruence wp ≡ 1 (mod p3). It has been conjectured
[Gr,Gu,M,Ri] that the converse is true, so that this congruence characterizes prime numbers. In
other words, if wn =
(2n−1
n−1
)
, then wn ≡ 1 (mod n3) for composite numbers n. R.J. McIntosh [M]
verified that this holds for all composite n < 109. He called a prime p satisfying wp ≡ 1 (mod p4)
a Wolstenholme prime, showed that this is equivalent to the condition that p divides the numera-
tor of the Bernoulli number Bp−3, found that there are only two Wolstenholme primes < 2×108,
and conjectured that there are infinitely many such primes, but that none satisfies the congruence
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it is reported that the only Wolstenholme primes < 109 are 16843 and 2124679. On the other
hand, A. Granville [Gr] established broader generalizations of Wolstenholme’s theorem, as well
as many other important congruences involving binomial coefficients.
In this article, we show that the converse of Wolstenholme’s theorem holds for several infi-
nite classes of composite positive integers n. We also explore the arithmetical properties of the
numbers wn, and establish some relations and congruences satisfied by them. Thus,
wnp ≡ wn
(
1 − n3p3Bp3−p2−2 +
1
3
n3p5Bp−3 − 65n
5p5Bp−5
) (
mod p6+vp(n)+vp(wn)
)
,
for all positive integers n and primes p  5, where vp is the p-adic valuation. And for p = 3, we
have
w3n ≡ wn
(
1 + 32n3 − 2 · 34n3(n − 1)2(2n + 1)) (mod 36+v3(n)+v3(wn)).
We also get a more complicated expression for p = 2. However, reducing the modulus al-
lows for simpler congruences, namely wnp ≡ (1 + c(n,p)) · wn (mod p4+vp(n)+vp(wn)) where
c(n,p) = − 23p3n3Bp−3 if p  5 and c(n,3) = 9n3, while c(n,2) = 4n3 − 2n4. In particular,
wnp ≡ wn (mod p3), for all primes p  5 and all n 1. It follows that wn ≡ 1 (mod n3) for every
composite number of the form n = mph, where m,h are positive integers and p a prime 5 such
that m 2 and p3  (wm − 1), as well as for all primes p  3 and all integers p+12 m p − 1.
Furthermore, if n is a multiple of 3 and n is not a sum of an odd number of distinct powers of 3,
or if n is an even integer  4, then wn ≡ 1 (mod n). In addition, wn ≡ 1 (mod n3) when n is a
power of 3.
On the other hand, wp2 ≡ wp (mod p6) for all primes p  5. Moreover,
wp ≡ 1 − p3Bp3−p2−2 + p5
(
1
3
Bp−3 − 65Bp−5
) (
mod p6
)
,
for all primes p  5. Further congruences, involving lower order Bernoulli numbers but longer
expressions, are also given in the text. It follows that wp2 ≡ 1 (mod p4) if and only if Bp−3 ≡ 0
(mod p). Also, for p  7, we have wp2 ≡ 1 (mod p5) if and only if Bp−3 ≡ 0 (mod p) and
B2p−4 ≡ 83Bp−3 (mod p2). Moreover, the congruence wp2 ≡ 1 (mod p6) is equivalent to the con-
junction of the previous two congruences and the following one 2Bp−3 − 32B2p−4 + 25B3p−5 −
2
15pBp−3 + 65p2Bp−5 ≡ 0 (mod p3).
We start by establishing some congruences for certain types of products which arise naturally
in the context of the present study. We then apply them to obtain congruences for specific classes
of binomial coefficients, from which we derive the desired ones for the numbers wn.
2. Congruences for products
The set of natural numbers is denoted by N, the ring of rational integers by Z, and the field
of rational numbers by Q. For a prime number p, the ring obtained by localization of Z at p
is denoted by Z(p), and the p-adic valuation on Q by vp . The congruences considered in what
follows generally hold in Z(p).
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a ∈ Z and m ∈ N \ {0}, and a prime number p, we set
Am(a,p) =
m−1∏
j=0
p−1∏
i=1
(
1 + ap
jp + i
)
,
also written Am when there is no risk of confusion.
Lemma 1. Let p be an odd prime number, a ∈ Z, and m a positive integer. Then
Am(a,p) = 1 +
m(p−1)/2∑
k=1
p2k
min(k,m)∑
r=1
∑
0j1<···<jrm−1
∑
k1+···+kr=k
Sk1(j1) . . . Skr (jr ),
where the last summation is over all r-tuples (k1, . . . , kr ) in Nr satisfying k1 + · · · + kr = k, and
Sn(j) =
∑
1i1<···<in p−12
ei1(j) . . . ein(j), with ei(j) =
a(a + 2j + 1)
j (j + 1)p2 + i(p − i) ,
for all i, j, n ∈ N such that 1 i, n p−12 .
Proof. For any j ∈ N, let Qj =∏p−1i=1 (1 + apjp+i ). Then
Qj =
(p−1)/2∏
i=1
(
1 + ap
jp + i
)
·
(p−1)/2∏
i=1
(
1 + ap
jp + p − i
)
=
(p−1)/2∏
i=1
(
1 + ei(j)p2
)
.
Since the Sn(j)’s (for 1 n p−12 ) are the elementary symmetric functions of the ei(j)’s (for
1 i  p−12 ), upon expanding the latter product, we get Qj = 1+
∑(p−1)/2
n=1 p2nSn(j). Therefore
Am =∏m−1j=0 Qj =∏m−1j=0 (1 +∑(p−1)/2n=1 p2nSn(j)), for which a direct expansion yields
Am = 1 + p2
m−1∑
j=0
S1(j) + p4
(
m−1∑
j=0
S2(j) +
∑
0j1<j2m−1
S1(j1)S1(j2)
)
+ · · ·
+ p2k
(∑
j
Sk(j) +
∑
j1<j2
∑
k1+k2=k
Sk1(j1)Sk2(j2)
+
∑
j1<j2<j3
∑
k1+k2+k3=k
Sk1(j1)Sk2(j2)Sk3(j3) + · · ·
)
+ · · ·
+ pm(p−1)
m−1∏
Sp−1
2
(j).j=0
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Ck =
k∑
r=1
∑
0j1<···<jrm−1
∑
k1+···+kr=k
Sk1(j1) . . . Skr (jr ),
where if r > m, the sum over j1, . . . , jr is empty, equal to zero, so that the outer summation is in
fact for 1 r min(k,m). Hence the announced formula. 
Corollary. We have
Am(a,p) ≡ 1 + p2
m−1∑
j=0
S1(j) + p4
(
m−1∑
j=0
S2(j) +
∑
0j1<j2m−1
S1(j1)S1(j2)
)
(
mod p6+3vp(a)
)
.
Proof. This results directly from Lemma 1, since, in the localization Z(p) of Z at p, each
term ei(j) ≡ 0 (mod pvp(a)) (for 1  i  p−12 and j ∈ N), and therefore every sum Sn(j) ≡ 0
(mod pnvp(a)) (for 1 n p−12 ). 
Lemma 2. For any odd prime p, and any a ∈ Z and m ∈ N \ {0}, we have
Am ≡ 1 + am(a + m)p2T1 − 16am
(
m2 − 1)(2a + 3m)p4T2
+ 1
3
a2m
(
4m2 + 6am + 3a2 − 1)p4T1,1
+ 1
6
a2m(m − 1)(3m2 + (6a − 1)m + 3a2 − 1)p4T 21 (mod p6+vp(a)),
where
Tn =
p−1
2∑
i=1
1
in(p − i)n (for n ∈ N) and T1,1 =
∑
1i1<i2 p−12
1
i1(p − i1)i2(p − i2) .
Proof. We apply the previous corollary, after determining
∑m−1
j=0 S1(j) modulo p4+vp(a), and
both
∑m−1
j=0 S2(j) and
∑
0j1<j2m−1 S1(j1)S1(j2) modulo p
2+vp(a)
.
For every j ∈ N, note that
S1(j) =
p−1
2∑
ei(j) = a(a + 2j + 1)
p−1
2∑ 1
j (j + 1)p2 + i(p − i) and
i=1 i=1
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j (j + 1)p2 + i(p − i) =
1
i(p − i)
1
1 + j (j+1)
i(p−i) p2
≡ 1
i(p − i)
(
1 − j (j + 1)
i(p − i) p
2
)
(
mod p4
)
for 1 i  p − 1
2
,
so that
S1(j) ≡ a(a + 2j + 1)
p−1
2∑
i=1
1
i(p − i)
(
1 − j (j + 1)
i(p − i) p
2
)
≡ a(a + 2j + 1)T1 − a(a + 2j + 1)j (j + 1)p2T2
(
mod p4+vp(a)
)
.
Hence
m−1∑
j=0
S1(j) ≡ aT1
m−1∑
j=0
(a + 2j + 1) − ap2T2
m−1∑
j=0
(a + 2j + 1)j (j + 1) (mod p4+vp(a)).
Moreover, using the classical formulas for the power sums
∑m−1
j=0 jn for 1 n 3 [IR], we get
m−1∑
j=0
(a + 2j + 1) = (a + 1)m + m(m − 1) = m(a + m) and
m−1∑
j=0
(a + 2j + 1)j (j + 1) = (a + 1)m(m − 1)
2
+ (a + 3)m(m − 1)(2m − 1)
6
+ 2m
2(m − 1)2
4
= m(m
2 − 1)(2a + 3m)
6
.
Therefore
m−1∑
j=0
S1(j) ≡ am(a + m)T1 − 16am
(
m2 − 1)(2a + 3m)p2T2 (mod p4+vp(a)).
Similarly, for every j ∈ N, we have S2(j) =∑1i1<i2 p−12 ei1(j)ei2(j), i.e.
S2(j) = a2(a + 2j + 1)2
∑
1i1<i2 p−12
1
(j (j + 1)p2 + i1(p − i1))(j (j + 1)p2 + i2(p − i2)) ,
and it is easily seen that
1
(j (j + 1)p2 + i1(p − i1))(j (j + 1)p2 + i2(p − i2)) ≡
1
i1(p − i1)i2(p − i2)(
mod p2
)
for 1 i1 < i2 
p − 1
,
2
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S2(j) ≡ a2(a + 2j + 1)2
∑
1i1<i2 p−12
1
i1(p − i1)i2(p − i2) ≡ a
2(a + 2j + 1)2T1,1
(
mod p2+2vp(a)
)
.
Hence
m−1∑
j=0
S2(j) ≡ a2T1,1
m−1∑
j=0
(
(a + 1)2 + 4(a + 1)j + 4j2) (mod p2+2vp(a)).
Moreover,
m−1∑
j=0
(
(a + 1)2 + 4(a + 1)j + 4j2)= (a + 1)2m + 2(a + 1)m(m − 1) + 2
3
m(m − 1)(2m − 1)
= m(4m
2 + 6am + 3a2 − 1)
3
.
Therefore
m−1∑
j=0
S2(j) ≡ 13a
2m
(
4m2 + 6am + 3a2 − 1)T1,1 (mod p2+2vp(a)).
Similarly, for j ∈ N, in view of what precedes, S1(j) ≡ a(a + 2j + 1)T1 (mod p2+vp(a)).
Hence
∑
0j1<j2m−1
S1(j1)S1(j2) ≡ a2T 21
∑
0j1<j2m−1
(a + 2j1 + 1)(a + 2j2 + 1)
(
mod p2+vp(a)
)
.
Moreover, using the formulas for the power sums repeatedly, we get
∑
0j1<j2m−1
(a + 2j1 + 1)(a + 2j2 + 1)
=
m−1∑
j2=1
j2−1∑
j1=0
(
(a + 1)2 + 2(a + 1)(j1 + j2) + 4j1j2
)
= (a + 1)2 · m(m − 1)
2
+ 2(a + 1) · m(m − 1)
2
2
+ 4 · m(m − 1)(m − 2)(3m − 1)
6
= m(m − 1)(3m
2 + (6a − 1)m + 3a2 − 1)
6
.
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∑
0j1<j2m−1
S1(j1)S1(j2) ≡ 16a
2m(m − 1)(3m2 + (6a − 1)m + 3a2 − 1)T 21
(
mod p2+vp(a)
)
.
Substituting the expressions obtained above into the congruence of the Corollary yields the
desired result. 
Lemma 3. Let p be a prime  7. Let
Tn =
p−1
2∑
i=1
1
in(p − i)n (for n ∈ N) and T1,1 =
∑
1i1<i2 p−12
1
i1(p − i1)i2(p − i2) .
Then
(1) T1 ≡ −p2 Bp3−p2−2 + p
3
6 Bp−3 − p
3
5 Bp−5 (mod p
4),
(2) T2 ≡ 2p5 Bp−5 (mod p2),
(3) T1,1 ≡ −p5 Bp−5 (mod p2),
where the Bk’s are the Bernoulli numbers (k ∈ N).
Proof. For n ∈ N, let Rn =∑p−1i=1 1in and Pn =∑p−1i=1 in.
First,
T1 =
p−1
2∑
i=1
1
p
(
1
i
+ 1
p − i
)
= 1
p
p−1∑
i=1
1
i
= 1
p
R1.
Then
T2 =
p−1
2∑
i=1
1
p2
(
1
i
+ 1
p − i
)2
= 1
p2
p−1
2∑
i=1
(
1
i2
+ 1
(p − i)2 +
2
i(p − i)
)
= 1
p2
(
p−1∑
i=1
1
i2
+ 2T1
)
,
i.e. T2 = 1p2 R2 + 2p3 R1.
Now,
T1,1 =
∑
1i1<i2 p−12
1
p2
(
1
i1
+ 1
p − i1
)(
1
i2
+ 1
p − i2
)
,
which can also be written
T1,1 = 1
p2
∑
1i <i  p−1
(
1
i1i2
+ 1
i1(p − i2) +
1
(p − i1)i2 +
1
(p − i1)(p − i2)
)
.1 2 2
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∑
1i1<i2 p−12
1
i1i2
and
∑
1i1<p−12 <j2<p−i1
1
i1j2
,
∑
1<i2 p−12 <p−i2<j1p−1
1
i2j1
and
∑
p−1
2 <j2<j1p−1
1
j1j2
.
Added up, these four sums make up the sum of all terms of the type 1
ij
for 1 i < j  p− 1 and
j = p − i. Hence
T1,1 = 1
p2
( ∑
1i<jp−1
1
ij
−
p−1
2∑
i=1
1
i(p − i)
)
.
Moreover,
∑
1i<jp−1
1
ij
= 1
2
((
p−1∑
i=1
1
i
)2
−
p−1∑
i=1
1
i2
)
.
So, in view of what precedes,
T1,1 = 1
p2
(
1
2
(
R21 − R2
)− T1
)
= 1
2p2
(
R21 − R2
)− 1
p3
R1.
By the Fermat–Euler theorem [HW], for 1  i  p − 1, and h,n ∈ N, with h  1, we
have 1
in
≡ iϕ(ph)−n (mod ph), where ϕ(ph) = ph−1(p − 1) is Euler’s totient function. So
Rn ≡ Pϕ(ph)−n (mod ph), provided that n ϕ(ph).
By a classic formula for the power sums in terms of the Bernoulli numbers [IR] or [HW],
Pm = 1
m + 1
m+1∑
r=1
(
m + 1
r
)
prBm+1−r =
m+1∑
r=1
1
r
(
m
r − 1
)
prBm+1−r ,
for any positive integer m. Moreover, vp(Bk)−1 for any k ∈ N, and vp(Bk) 0 if (p − 1)  k
[IR]. So
vp
(
1
r
(
m
r − 1
)
prBm+1−r
)
= r − vp(r) + vp
((
m
r − 1
))
+ vp(Bm+1−r ) r − vp(r) − 1.
It follows that
Pm ≡
∑
r−vp(r)h
1
r
(
m
r − 1
)
prBm+1−r
(
mod ph
)
,
where the summation is over all integers 1 r m + 1 such that r − vp(r) h.
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Pm ≡
∑
r−vp(r)5
1
r
(
m
r − 1
)
prBm+1−r
(
mod p5
)
.
For 1  r  m + 1, let s = vp(r) and r = psu, with s, u ∈ N and p  u. Then r − vp(r)  5 if
and only iff psu s + 5, which implies that ps  s + 5. But ps > s + 5 for s  1 (by induction
on s). So r − vp(r) 5 if and only if 1 r  5. Moreover, since Bk = 0 for all odd k  3, and
m + 1 = p4(p − 1) is even and much larger than 3, then Bm+1−r = 0 for r = 1,3,5. Therefore
R1 ≡ 12
(
p5 − p4 − 1)p2Bp5−p4−2
+ 1
4
(p5 − p4 − 1)(p5 − p4 − 2)(p5 − p4 − 3)
6
p4Bp5−p4−4
(
mod p5
)
,
that is
R1 ≡ −p
2
2
Bp5−p4−2 −
p4
4
Bp5−p4−4
(
mod p5
)
.
Furthermore, by the Kummer congruences [IR], since (p−1)  (p5 −p4 −2), and p5 −p4 −2 ≡
p3 − p2 − 2 (mod ϕ(p3)), then
Bp5−p4−2 ≡
p5 − p4 − 2
p3 − p2 − 2Bp3−p2−2 ≡
2
p2 + 2Bp3−p2−2 ≡
(
1 − p
2
2
)
Bp3−p2−2
(
mod p3
)
.
Hence
R1 ≡ −p
2
2
Bp3−p2−2 +
p4
4
Bp3−p2−2 −
p4
4
Bp5−p4−4
(
mod p5
)
.
But, we similarly have
Bp3−p2−2 ≡
p3 − p2 − 2
p − 3 Bp−3 ≡
2
3
Bp−3 (mod p) and
Bp5−p4−4 ≡
p5 − p4 − 4
p − 5 Bp−5 ≡
4
5
Bp−5 (mod p).
Hence
R1 ≡ −p
2
2
Bp3−p2−2 +
p4
6
Bp−3 − p
4
5
Bp−5
(
mod p5
)
,
so that
T1 = 1 R1 ≡ −pBp3−p2−2 +
p3
Bp−3 − p
3
Bp−5
(
mod p4
)
.p 2 6 5
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Pm ≡
∑
r−vp(r)4
1
r
(
m
r − 1
)
prBm+1−r
(
mod p4
)
.
Also, the condition r − vp(r) 4, with 1 r m + 1, amounts to 1 r  4. Moreover, since
m + 1 = p3(p − 1) − 1 is odd, Bm+1−r = 0 for r even < m. So
Pm ≡ pBp4−p3−2 +
1
3
(p4 − p3 − 2)(p4 − p3 − 3)
2
p3Bp4−p3−4
(
mod p4
)
, i.e.
R2 ≡ Pm ≡ pBp4−p3−2 + p3Bp4−p3−4
(
mod p4
)
.
Also, by the Kummer congruences,
Bp4−p3−2 ≡
p4 − p3 − 2
p3 − p2 − 2Bp3−p2−2 ≡
(
1 − p
2
2
)
Bp3−p2−2
(
mod p3
)
and
Bp3−p2−2 ≡
2
3
Bp−3 (mod p), and Bp4−p3−4 ≡
4
5
Bp−5 (mod p).
Hence
R2 ≡ pBp3−p2−2 −
p3
3
Bp−3 + 45p
3Bp−5
(
mod p4
)
.
It follows that
p3T2 = pR2 + 2R1 ≡ 25p
4Bp−5
(
mod p5
)
and
p3T1,1 = p2
(
R21 − R2
)− R1 ≡ −p2 R2 − R1 ≡ −p
4
5
Bp−5
(
mod p5
)
.
Therefore T2 ≡ 2p5 Bp−5 (mod p2) and T1,1 ≡ −p5 Bp−5 (mod p2). 
Proposition 1. Let p be a prime number  7, a ∈ Z, m ∈ N \ {0}, and let Am(a,p) =∏m−1
j=0
∏p−1
i=1 (1 + apjp+i ). Then
Am(a,p) ≡ 1 − 12am(a + m)p
3Bp3−p2−2 +
1
6
am(a + m)p5Bp−3
− 1
5
am(a + m)(a2 + am + m2)p5Bp−5 (mod p6+vp(a)).
Proof. This is obtained by substitution of the expressions for T1, T2 and T1,1 from Lemma 3 into
the expression for Am = Am(a,p) from Lemma 2. Note first that T1 ≡ 0 (mod p), so that the
last term in Am, containing the factors p4T 21 and a
2
, is ≡ 0 (mod p6+vp(a)) and can be dropped.
Thus
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(
−p
2
Bp3−p2−2 +
p3
6
Bp−3 − p
3
5
Bp−5
)
− 1
15
am
(
m2 − 1)(2a + 3m)p5Bp−5 − 115a2m
(
4m2 + 6am + 3a2 − 1)p5Bp−5
≡ 1 − 1
2
am(a + m)p3Bp3−p2−2 +
1
6
am(a + m)p5Bp−3
− 1
15
am
(
3(a + m) + (m2 − 1)(2a + 3m) + a(4m2 + 6am + 3a2 − 1))p5Bp−5
≡ 1 − 1
2
am(a + m)p3Bp3−p2−2 +
1
6
am(a + m)p5Bp−3
− 1
5
am(a + m)(a2 + am + m2)p5Bp−5 (mod p6+vp(a)). 
Lemma 4. For the primes p = 5 and p = 3, keeping the above notation Am(a,p), for any a ∈ Z
and m ∈ N \ {0}, we have
(1) Am(a,5) ≡ 1 + 5312am(a + m) − 54am(a + m)(a2 + am + m2 − 1) (mod 56+v5(a)),
(2) Am(a,3) ≡ 1 + 322 am(a + m) − 34am(a + m)(a − 1)(m − 1)(a + m + 1) (mod 36+v3(a)).
Proof. We substitute into the expression of Am(a,p) from Lemma 2 the actual values of T1, T2
and T1,1, which are easily calculated for p = 5 and p = 3.
(1) For p = 5, we have T1 = 512 , T2 = 13144 and T1,1 = 124 . So
Am(a,5) ≡ 1 + 5
3
12
am(a + m) − 13
864
· 54am(m2 − 1)(2a + 3m)
+ 5
4
72
a2m
(
4m2 + 6am + 3a2 − 1) (mod 56+v5(a)),
i.e.
Am(a,5) ≡ 1 + 5
3
12
am(a + m)
+ 5
4
72
am
(
a
(
4m2 + 6am + 3a2 − 1)− 13
12
(
m2 − 1)(2a + 3m)) (mod 56+v5(a)).
The last factor, that of 5472am, evaluated modulo 5
2
, can be replaced by
a
(
4m2 + 6am + 3a2 − 1)+ (m2 − 1)(2a + 3m)
= 3(a3 + m3 + 2am(a + m) − (a + m))= 3(a + m)(a2 + am + m2 − 1).
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Am(a,5) ≡ 1 + 5
3
12
am(a + m) + 5
4
24
am(a + m)(a2 + am + m2 − 1) (mod 56+v5(a)),
which is the desired expression, since 24 is −1 (mod 52).
(2) For p = 3, we have T1 = 12 , T2 = 14 and T1,1 = 0. So
Am(a,3) ≡ 1 + 3
2
2
am(a + m) + 3
3
8
am(m − 1)(a(3m2 + (6a − 1)m + 3a2 − 1)
− (m + 1)(2a + 3m)) (mod 36+v3(a)).
An expansion of the factor of 338 am(m − 1) in this expression yields as a replacement
3
(
(a − 1)m2 + (2a2 − a − 1)m + a3 − a)
= 3(a − 1)(m2 + (2a + 1)m + a2 + a)= 3(a − 1)(a + m)(a + m + 1).
Therefore
Am(a,3) ≡ 1 + 3
2
2
am(a + m) + 3
4
8
am(m − 1)(a − 1)(a + m)(a + m + 1) (mod 36+v3(a)),
which is the desired expression, since 8 is −1 (mod 32). 
Remark 1. The congruence in Proposition 1 is also valid for p = 5, i.e.
Am(a,p) ≡ 1 − am(a + m)
(
p3
2
Bp3−p2−2 −
p5
6
Bp−3 + p
5
5
(
a2 + am + m2)Bp−5
)
(
mod p6+vp(a)
)
,
for any prime p  5.
Indeed, for p = 5, the right-hand side term in this congruence is
R = 1 − 53am(a + m)
(
1
2
B98 − 5
2
6
B2 + 5
(
a2 + am + m2)B0
)
.
Since B0 = 1 and B2 = 16 , while B98 ≡ 19 (mod 53), by the PARI-GP calculator, then
1
2
B98 − 5
2
6
B2 + 5
(
a2 + am + m2)B0
≡ 5(a2 + am + m2)− 31 ≡ 5(a2 + am + m2 − 1)− 1 (mod 53),
2 12
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R ≡ 1 + 53am(a + m)
(
1
12
− 5(a2 + am + m2 − 1)) (mod p6+vp(a)),
which is precisely the expression of Am(a,5) in Lemma 4.
Furthermore, on the basis of numerical evidence, we conjecture that the congruence in Propo-
sition 1 holds, not only modulo p6+vp(a), but also modulo p6+vp(a)+vp(m)+vp(a+m), for p  5.
Remark 2. In the case of the prime p = 2, a similar approach allows to obtain an expression
for Am(a,2) =∏m−1j=0 (1 + 2a2j+1 ) modulo 26+v2(a). Indeed, Am(a,2) = 1 +∑mk=1 2kakSk , where
the Sk’s (for 1 k m) are the elementary symmetric functions of the terms 12j+1 (for 0 j 
m − 1). Then Am(a,2) ≡ 1 +∑5k=1 2kakSk (mod 26+v2(a)) (with the convention that Sk = 0 if
k > m), and the sums Sk are to be determined modulo 26−k (for 1  k  5). This is done by
replacing each 12j+1 by
∑5
n=0(−1)n2njn, expanding, and evaluating the resulting expressions
modulo 26, as was done in the case of odd primes. The resulting congruence, more complicated
than for odd primes, is
Am(a,2) ≡ 1 − 2 · 5am2 + 22 · 5a
(
am(m3 − 1)
2
− m4
)
− 23a3m2
(
m
3
)
+ 24a2
(
a2
(
m
4
)
+ m
2(m3 − 1)
2
)
+ 25a
(
a
(
m
5
)
+ m
) (
mod 26+v2(a)
)
,
with the convention that the binomial coefficient
(
m
k
)= 0 if k > m.
Remark 3. Reducing the moduli in the previous results, we get the following simpler congru-
ences, for all a ∈ Z and m ∈ N \ {0}:
(1) For any prime p  5, we have Am(a,p) ≡ 1 − 13am(a + m)p3Bp−3 (mod p4+vp(a)).
(2) For p = 3, we have Am(a,3) ≡ 1 + 322 am(a + m) (mod 34+v3(a)).
(3) For p = 2, we have Am(a,2) ≡ 1 + 2am(a + m − am) (mod 24+v2(a)).
Indeed, the first congruence follows from Proposition 1 and Remark 1, taking into account the
Kummer congruence (encountered in the proof of Lemma 3) Bp3−p2−2 ≡ 23Bp−3 (mod p), for
p  5. The second one is an immediate consequence of Lemma 4.
The third congruence can be verified by induction on m. Indeed, it holds trivially for m = 1,
and assuming that it does for m, we check that it holds for m + 1 too, as follows:
Am+1(a,2) = Am(a,2) ·
(
1 + 2a
2m + 1
)
≡ (1 + 2am(a + m − am)) · (1 + 2a(1 − 2m + 4m2))
≡ 1 + 2am(a + m − am) + 2a + (4am − 8am2)(a(a + m − am) − 1)
≡ 1 + 2am(a + m − am) + 2a + 4a(a − 1)m − 8a(a2 − 1)m2
488 C. Helou, G. Terjanian / Journal of Number Theory 128 (2008) 475–499≡ 1 + 2am(a + m − am) + 2a − 4a(a − 1)m
≡ 1 + 2a(m + 1)(a + m + 1 − a(m + 1)) (mod 24+v2(a)).
3. Congruences for binomial coefficients
Lemma 5. Let m,n ∈ N such that 1m n, and let p be a prime number. Then
(
np
mp
)
=
(
n
m
)
·
m−1∏
j=0
p−1∏
i=1
(
1 + (n − m)p
jp + i
)
.
Proof. Starting from the definition of the binomial coefficient
(
np
mp
)
as the quotient of two prod-
ucts of consecutive integers, and collecting together, in each of the products, the factors that are
divisible by p and those that are not, we get
(
np
mp
)
=
∏mp
r=1((n − m)p + r)
(mp)! =
∏n
k=n−m+1(kp) ·
∏n−1
k=n−m
∏p−1
i=1 (kp + i)∏m
j=1(jp) ·
∏m−1
j=0
∏p−1
i=1 (jp + i)
.
Clearly,
n∏
k=n−m+1
(kp) =
(
n∏
k=n−m+1
k
)
· pm and
m∏
j=1
(jp) =
(
m∏
j=1
j
)
· pm,
so that
∏n
k=n−m+1(kp)∏m
j=1(jp)
=
∏n
k=n−m+1 k
m! =
(
n
m
)
.
Moreover, setting k = n−m+ j in the double product appearing in the numerator of the expres-
sion of
(
np
mp
)
, we get
n−1∏
k=n−m
p−1∏
i=1
(kp + i) =
m−1∏
j=0
p−1∏
i=1
(
(n − m)p + jp + i).
Substituting these expressions into that of
(
np
mp
)
, and writing the quotient of the two double prod-
ucts as the double product of the quotients, we obtain
(
np
mp
)
=
(
n
m
)
·
m−1∏
j=0
p−1∏
i=1
(n − m)p + jp + i
jp + i =
(
n
m
)
·
m−1∏
j=0
p−1∏
i=1
(
1 + (n − m)p
jp + i
)
. 
Proposition 2. Let p be a prime number, and m,n ∈ N such that 0m n.
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(
np
mp
)
≡
(
n
m
)
·
(
1 − mn(n − m)
(
p3
2
Bp3−p2−2 −
p5
6
Bp−3
+ 1
5
(
m2 − mn + n2)p5Bp−5
)) (
mod p6+vp(n−m)+vp((
n
m))
)
.
(2) If p = 3, then
(
3n
3m
)
≡
(
n
m
)
·
(
1 + mn(n − m)
(
32
2
− 34(m − 1)(n + 1)(n − m − 1)
))
(
mod 36+v3(n−m)+v3((
n
m))
)
.
Proof. First note that the congruences hold trivially in the case m = 0, since the two sides re-
duce to 1. So we assume 1  m  n. In view of Lemma 5,
(
np
mp
) = (n
m
) · Am(n − m,p), where
Am(a,p) =∏m−1j=0 ∏p−1i=1 (1 + apjp+i ) for a ∈ Z.
Then, by Proposition 1 and Remark 1, for p  5, with a = n − m, we have,
Am(n − m,p) ≡ 1 − mn(n − m)
(
1
2
p3Bp3−p2−2 −
1
6
p5Bp−3 + 15
(
m2 − mn + n2)p5Bp−5
)
(
mod p6+vp(n−m)
)
.
Similarly, by Lemma 4, for p = 3, we have
Am(n − m,3) ≡ 1 + mn(n − m)
(
32
2
− 34(m − 1)(n + 1)(n − m − 1)
) (
mod 36+v3(n−m)
)
.
Substituting these expressions into the formula relating
(
np
mp
)
and
(
n
m
)
yields the desired con-
gruences. 
Remark 4. For p = 5, we also have the simpler alternative congruence, based on Lemma 4,
namely
(
5n
5m
)
≡
(
n
m
)
·
(
1 + mn(n − m)
(
53
12
− 54(m2 − mn + n2 − 1)))
(
mod 56+v5(n−m)+v5((
n
m))
)
.
Furthermore, using the reduced moduli and the results in Remark 3, we similarly obtain
(1) For p  5,
(
np
mp
)
≡
(
n
m
)(
1 − 1
3
mn(n − m)p3Bp−3
) (
mod p4+vp(n−m)+vp((
n
m))
)
.
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(
3n
3m
)
≡
(
n
m
)(
1 + 3
2
2
mn(n − m)
) (
mod 34+v3(n−m)+v3((
n
m))
)
.
(3) For p = 2,
(
2n
2m
)
≡
(
n
m
)(
1 + 2m(n − m)(m2 − mn + n)) (mod 24+v2(n−m)+v2((nm))).
Remark 5. Since
(
n
m
)= ( n
n−m
)
, then, exchanging m and n−m, we see that the above congruences
are also valid modulo ph+vp(m)+vp((
n
m)), therefore modulo ph+max(vp(m),vp(n−m))+vp((
n
m)), with
h = 6 or 4, according to the context. In fact, as in Remark 1, we conjecture that these congruences
are valid modulo ph+vp(m)+vp(n−m)+vp(n)+vp((
n
m))
.
Corollary. Let m,n ∈ N be such that 0m n.
(1) For any prime p  5,
(
np
mp
)
≡
(
n
m
) (
mod p3+max(vp(m),vp(n−m))+vp((
n
m))
)
.
(2) For p = 3,
(
3n
3m
)
≡
(
n
m
) (
mod 32+max(v3(m),v3(n−m))+v3((
n
m))
)
.
(3) For p = 2,
(
2n
2m
)
≡
(
n
m
) (
mod 21+max(v2(m),v2(n−m))+v2((
n
m))
)
.
In particular,
(2n
2m
)≡ (n
m
)
(mod 22).
Here, the last congruence follows from the previous one, since if v2(m) = v2(n − m) = 0,
then m is odd and n is even, and therefore v2
((
n
m
))
 1.
Remark 6. Using p-adic methods, the modulus in the previous Corollary can be improved
to p3+vp(m)+vp(n)+vp(n−m)+vp((
n
m)) for p  5, and to 32+v3(m)+v3(n)+v3(n−m)+v3((
n
m)) for p = 3
([Ro], the Kazandzidis congruences). But here, following a more elementary method, we derived
congruences relating
(
np
mp
)
and
(
n
m
)
to a modulus for which they are not necessarily in the same
congruence class, namely modulo p6+··· instead of p3+···.
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The binomial coefficients related to Wolstenholme’s theorem are of the form wn =
(2n−1
n−1
)=
1
2
(2n
n
)
. We start by considering a slightly broader class consisting of wm,n =
(
mn−1
n−1
) = 1
m
(
mn
n
)
,
for any positive integers m,n, so that wn = w2,n. They satisfy some congruences that generalize
Wolstenholme’s theorem.
Proposition 3. Let p be a prime number, and m,n be positive integers.
(1) If p  5, then
wm,np ≡ wm,n
(
1 − m(m − 1)n3
(
p3
2
Bp3−p2−2 −
p5
6
Bp−3 + 15
(
m2 − m + 1)n2p5Bp−5
))
(
mod p6+vp(m−1)+vp(n)+vp(wm,n)
)
.
(2) If p = 3, then
wm,3n ≡ wm,n
(
1 + m(m − 1)n3
(
32
2
− 34(n − 1)(mn + 1)(mn − n − 1)
))
(
mod 36+v3(m−1)+v3(n)+v3(wm,n)
)
.
Proof. By Proposition 2, for p  5, we have
(
mnp
np
)
≡
(
mn
n
)(
1 − mn2(mn − n)
(
p3
2
Bp3−p2−2 −
p5
6
Bp−3
+ 1
5
(
n2 − mn2 + m2n2)p5Bp−5
)) (
mod p6+vp(mn−n)+vp((
mn
n ))
)
.
Similarly,
(
3mn
3n
)
≡
(
mn
n
)(
1 + mn2(mn − n)
(
32
2
− 34(n − 1)(mn + 1)(mn − n − 1)
))
(
mod 36+v3(mn−n)+v3((
mn
n ))
)
.
The results now follow upon division of the above congruences by m, noting that vp
((
mn
n
)) −
vp(m) = vp(wm,n). 
Remark 7. Reducing the moduli, and using Remark 4, we get, for a prime p and for any positive
integers m,n, the following congruences:
(1) If p  5, then wm,np ≡ wm,n(1 − 13m(m − 1)n3p3Bp−3) (mod p4+vp(m−1)+vp(n)+vp(wm,n)).
(2) wm,3n ≡ wm,n(1 + 322 m(m − 1)n3) (mod 34+v3(m−1)+v3(n)+v3(wm,n)).
(3) wm,2n ≡ wm,n(1 + 2(m − 1)n3(m − mn + n)) (mod 24+v2(m−1)+v2(n)+v2(wm,n)).
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(1) If p  5, then
wm,p ≡ 1 − m(m − 1)
(
p3
2
Bp3−p2−2 −
p5
6
Bp−3 + 15
(
m2 − m + 1)p5Bp−5
)
(
mod p6+vp(m−1)
)
.
In particular, wm,p ≡ 1 − 13m(m − 1)p3Bp−3 (mod p4+vp(m−1)), and therefore
wm,p ≡ 1 (mod p3).
(2) If p = 3, then wm,3 = 1 + 322 m(m − 1).(3) If p = 2, then wm,2 = 1 + 2(m − 1).
For p  5, this follows from Proposition 3 by taking n = 1, since wm,1 = 1 for all positive
integers m. For p = 3 and p = 2, this follows from the definition.
Corollary 2. For any prime p  5 and any positive integer k, we have
(1) wpk+1,p ≡ 1 (mod pk+3).
(2) wpk,p ≡ 1 (mod pk+3).
(3) In particular, wp+1,p ≡ wp,p ≡ 1 (mod p4).
Specializing to m = 2, we deduce from Proposition 3 the following results concerning the
Wolstenholme binomial coefficients wn = 12
(2n
n
)
.
Proposition 4. Let p be a prime number, and n a positive integer.
(1) If p  5, then
wnp ≡ wn
(
1 − n3p3Bp3−p2−2 +
1
3
n3p5Bp−3 − 65n
5p5Bp−5
) (
mod p6+vp(n)+vp(wn)
)
.
(2) If p = 3, then
W3n ≡ wn
(
1 + 32n3 − 2 · 34n3(n − 1)2(2n + 1)) (mod 36+v3(n)+v3(wn)).
Remark 8. Reducing the moduli, and using Remark 7, we get, for a prime p and any positive
integer n:
(1) wnp ≡ wn(1 − 23n3p3Bp−3) (mod p4+vp(n)+vp(wn)), for p  5.
(2) w3n ≡ wn(1 + 32n3) (mod 34+v3(n)+v3(wn)).
(3) w2n ≡ wn(1 − 2n3(n − 2)) (mod 24+v2(n)+v2(wn)).
Corollary 1. For any prime p, and any positive integers k,n, we have
(1) wnpk+1 ≡ wnpk (mod p4+k+vp(n)+vp(wn)).
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(3) wpk ≡ wp (mod p5).
(4) If p  5, then wnpk ≡ wn (mod p3+vp(n)+vp(wn)+min(1,vp(n))).
(5) w3kn ≡ wn (mod 32+v3(n)+v3(wn)+2·min(1,v3(n))).
(6) w2kn ≡ wn (mod 21+v2(n)+v2(wn)+3·min(1,v2(n))).
Proof. (1) In view of Proposition 4, if p  5, then wnp ≡ wn (mod p3+vp(n)+vp(wn)+min(1,vp(n)));
and w3n ≡ wn (mod 32+v3(n)+v3(wn)+2·min(1,v3(n))). Also, in view of Remark 8, w2n ≡ wn
(mod 21+v2(n)+v2(wn)+3·min(1,v2(n))). Moreover, vp(wnp) = vp(wn), since vp(wnp − wn)  1 +
vp(wn) > vp(wn), so that vp(wnpk ) = vp(wn), for k  0. From these congruences, (1) follows
immediately.
(2)–(6) are then established by induction on k. 
Corollary 2. For any prime p  5, we have
(1) wp ≡ 1 − p3Bp3−p2−2 + 13p5Bp−3 − 65p5Bp−5 (mod p6).
(2) In particular, wp ≡ 1 − 23p3Bp−3 (mod p4), and therefore wp ≡ 1 (mod p3).
Corollary 3. For any prime p  5 and any integer k  2, we have
(1) wpk ≡ wpk−1(1 − 23p3kBp−3) (mod pk+5).
(2) If k  3, then wpk ≡ wpk−1 (mod pk+5).
(3) In particular, wpk ≡ wp (mod p6).
Proof. It follows from Proposition 4 that wpk ≡ wpk−1(1 − p3kBp3−p2−2) (mod pk+5). More-
over, by the Kummer congruences, Bp3−p2−2 ≡ 23Bp−3 (mod p). Hence the result in (1). As
to (2) and (3), they are immediate consequences of (1) (by an induction in (3)). 
Corollary 4. Let p and q be distinct prime numbers  5.
(1) We have wpq ≡ wq (mod p3) and wpq ≡ wp (mod q3).
(2) Thus, wpq ≡ 1 (mod (pq)3) if and only if wq ≡ 1 (mod p3) and wp ≡ 1 (mod q3).
Note 1. Corollary 4 is a direct consequence of formulas (1) and (2) in [M]. Indeed, for dis-
tinct primes p,q  5, it follows from these formulas that wpq ≡ wpwq (mod p3q3), and
wp ≡ 1 (mod p3) and wq ≡ 1 (mod q3), which yields Corollary 4.
Corollary 5. For any prime p  5, we have
(1) wp2 ≡ wp ≡ 1 − p3Bp3−p2−2 + p5( 13Bp−3 − 65Bp−5) (mod p6).
(2) wp2 ≡ wp ≡ 1 − p3(1 − p2 )Bp2−p−2 (mod p5).
(3) wp2 ≡ wp ≡ 1 − 23p3Bp−3 (mod p4).
(4) wp2 ≡ 1 (mod p6) ⇔ wp ≡ 1 (mod p6) ⇔ Bp3−p2−2 ≡ p2( 13Bp−3 − 65Bp−5) (mod p3).
(5) wp2 ≡ 1 (mod p5) ⇔ wp ≡ 1 (mod p5) ⇔ Bp2−p−2 ≡ 0 (mod p2).
(6) wp2 ≡ 1 (mod p4) ⇔ wp ≡ 1 (mod p4) ⇔ Bp−3 ≡ 0 (mod p).
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(2) follows from (1) by reduction to the modulus p5, using the Kummer congruences to note
that
Bp3−p2−2 ≡
p3 − p2 − 2
p2 − p − 2 Bp2−p−2 ≡
2
p + 2Bp2−p−2 ≡
(
1 − p
2
)
Bp2−p−2
(
mod p2
)
.
(4), (5) and (6) follow from (1), (2) and (3), respectively. 
Remark 9. The conditions in Corollary 5 can be put in a form more easily verifiable by com-
putation, through the use of the following congruences for Bernoulli numbers, also due to
Kummer [K].
Let p be a prime number and m,n be positive integers such that m is even, (p − 1)  m, and
n < m. Then
n∑
k=0
(−1)k
(
n
k
)
Bm+k(p−1)
m + k(p − 1) ≡ 0
(
mod pn
)
. (1)
We also recall the more familiar Kummer congruences [IR] that we have already used in the
proofs of Lemma 3 and Corollaries 3 and 5 above.
Let p be a prime number and m,m′, n be positive integers such that m,m′ are even, not
divisible by (p − 1), and both > n. If m′ ≡ m (mod ϕ(pn)), where ϕ(pn) = pn−1(p − 1) is
Euler’s function, then
Bm′
m′
≡ Bm
m
(
mod pn
)
. (2)
Applying (1) to the case m = ϕ(pn)− 2, where the prime p  7 and n is any positive integer,
and using (2) to replace Bm+k(p−1)
m+k(p−1) by
Bk(p−1)−2
k(p−1)−2 , modulo p
n
, for 1 k  n, we get
Bpn−pn−1−2
pn − pn−1 − 2 ≡
n∑
k=1
(−1)k+1
(
n
k
)
Bk(p−1)−2
k(p − 1) − 2
(
mod pn
)
. (3)
In particular, for n = 2, we deduce that for any prime p  7,
Bp2−p−2 ≡
p + 2
2p − 4B2p−4 −
2(p + 2)
p − 3 Bp−3
(
mod p2
)
. (4)
Similarly, for n = 3 and any prime p  7,
Bp3−p2−2 ≡
(
p2 + 2)( 3
2p − 4B2p−4 −
3
p − 3Bp−3 −
1
3p − 5B3p−5
) (
mod p3
)
. (5)
Moreover, for any integers a, b,n such that p  b and n > 0, we have
1
ap − b ≡ −
1
b
n−1∑ akpk
bk
(
mod pn
)
.k=0
C. Helou, G. Terjanian / Journal of Number Theory 128 (2008) 475–499 495Also, by (2), B2p−42p−4 ≡ B3p−53p−5 ≡ Bp−3p−3 (mod p), and, by (1), Bp−3p−3 − 2B2p−42p−4 + B3p−53p−5 ≡ 0 (mod p2).
Using these congruences in (4) and in (5) respectively, we get
Bp2−p−2 ≡
4
3
Bp−3 − 12B2p−4 +
4
9
pBp−3
(
mod p2
) (6)
and
Bp3−p2−2 ≡ 2Bp−3 −
3
2
B2p−4 + 25B3p−5 + p
(
4
15
Bp−3 − 320B2p−4
)
+ 29
90
p2Bp−3
(
mod p3
)
. (7)
Substituting (6) and (7) into the first two expressions of Corollary 5, we deduce the following
additional results.
Corollary 6. For any prime p  7, we have
(1) wp ≡ 1 − p3( 43Bp−3 − 12B2p−4) − 19p4Bp−3 (mod p5).
(2) wp ≡ 1 − p3(2Bp−3 − 32B2p−4 + 25B3p−5) − p4( 415Bp−3 − 320B2p−4) + p5( 190Bp−3 −
6
5Bp−5) (mod p
6).
(3) The following conditions are equivalent:
(i) wp2 ≡ 1 (mod p5),
(ii) wp ≡ 1 (mod p5),
(iii) Bp−3 ≡ 0 (mod p) and B2p−4 ≡ 83Bp−3 (mod p2).
(4) The following conditions are equivalent:
(i) wp2 ≡ 1 (mod p6),
(ii) wp ≡ 1 (mod p6),
(iii) Bp−3 ≡ 0 (mod p) and B2p−4 ≡ 83Bp−3 (mod p2) and 2Bp−3 − 32B2p−4 + 25B3p−5 −
2
15pBp−3 + 65p2Bp−5 ≡ 0 (mod p3).
Remark 10. Let p be a prime number and m,r two positive integers. From the definition,
we have wmp+r = cm(p, r)wmp , where cm(p, r) = (∏2ri=1(2mp + i))/(∏ri=1(mp + i))2. In
particular, if 1  r  p − 1, then the denominator of cm(p, r) is relatively prime to p and
is congruent to r!2 modulo p, while the numerator is congruent to (2r)! modulo p, so that
cm(p, r) ≡
(2r
r
)
(mod p). Thus
wmp+r ≡ 2wmwr (mod p), for 1 r  p − 1.
It follows that if r is a positive integer and p is a prime factor of wr such that p > r , then p is a
prime factor of wn for every positive integer n ≡ r (mod p).
In the special case where r = 1, we further have cm(p,1) = 2(2mp + 1)/(mp + 1) ≡
2(2mp + 1)∑h−1k=0(−1)kmkpk (mod ph), for any positive integer h. It follows, in view of Re-
mark 8, that if p  5, then
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(
1 + mp − m2p2 + m3p3
(
1 − 2
3
Bp−3
)) (
mod p4
)
.
A similar, but more complicated, congruence holds modulo p6, in view of Proposition 4.
Remark 11. For any positive integer n, we have
(2n+1
n
) = 2(2n+1)
n+1
(2n−1
n−1
)
, so that wn+1 =
2(2n+1)
n+1 wn. Since n + 1 and 2n + 1 are relatively prime, it follows that n + 1 divides 2wn and
2n + 1 divides wn+1. Thus wn is divisible by 2n − 1 and also by either n + 1 or n+12 according
to whether n is even or odd.
5. The converse of Wolstenholme’s theorem
The converse of Wolstenholme’s theorem stipulates that if n is a composite positive integer,
then wn satisfies the condition
(CW) wn ≡ 1 (mod n3).
In what follows, we give several infinite families of composite integers n satisfying (CW).
Proposition 5.
(1) For any positive integers m,k and any prime p  5 such that p3  (wm − 1), the integer
n = mpk satisfies (CW).
(2) For any positive integers m,k such that 32  (wm − 1), the integer n = 3km satisfies wn ≡ 1
(mod n2), and therefore n satisfies (CW).
(3) For any prime p  5 such that wp ≡ 1 (mod p6), and any integer k  2, the prime power
n = pk satisfies (CW).
(4) For any prime p  3 and any positive integer m such that m < p < 2m, and any positive
integer k, the product n = mpk satisfies wn ≡ 1 (mod n), and therefore n satisfies (CW).
Proof. By Corollary 1 to Proposition 4, wmpk ≡ wm (mod p3) and w3km ≡ wm (mod 32), for
primes p  5 and integers k  1. So the condition wm ≡ 1 (mod p3) (respectively wm ≡ 1
(mod 32)) implies that wmpk ≡ 1 (mod p3) hence wmpk ≡ 1 (mod (mpk)3) (respectively
w3km ≡ 1 (mod 32) hence w3km ≡ 1 (mod (3km)2)). This proves (1) and (2).
By Corollary 3 to Proposition 4, wpk ≡ wp (mod p6). So the condition wp ≡ 1 (mod p6)
implies that wpk ≡ 1 (mod p6) hence wpk ≡ 1 (mod (pk)3), for k  2. This gives (3).
If m < p < 2m, then p | (2m)! and p  m!, so p does not divide (2m
m
)− 2 = (2m)!−2·(m!)2
(m!)2 , i.e.
wm = 12
(2m
m
) ≡ 1 (mod p). If, in addition p  3, then by Corollary 1 to Proposition 4, wmpk ≡
wm ≡ 1 (mod p), which implies the result in (4). 
Note 2. In [M, p. 387], it is shown that if n = p2 satisfies (2n−1
n−1
)≡ 1 (mod n3), then p satisfies(2p−1
p−1
)≡ 1 (mod p6). But then, it easily follows from (1) and (2) in [M] that wpk ≡ wp (mod p6)
for all positive integers k, which gives the property (3) in Proposition 5 above.
Remark 12. According to the computations reported in [MR], there are only two prime numbers
p < 109 (called Wolstenholme primes) satisfying wp ≡ 1 (mod p4), i.e. satisfying Bp−3 ≡ 0
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sition 4, for all primes 5  p < 109 other than p1 and p2, and for all positive integers k, we
have vp(wpk − 1) = vp(wp − 1) = 3. Moreover, we checked with the PARI-GP calculator that
B2p1−4 ≡ 83Bp1−3 (mod p21), so that in view of Corollary 6 to Proposition 4, wp1 ≡ 1 (mod p51).
Therefore vp1(wpk1 − 1) = vp1(wp1 − 1) = 4 for all positive integers k. Thus, in view of Propo-
sition 5, for all primes 5  p < 109 other than p2 and for all integers k  2, the prime power
n = pk satisfies (CW).
We also computed the factorization of wm − 1 for 2  m  149 and found that, for these
values of m, the difference wm − 1 has no cubic factors except when m is the power of a prime
p  5, for which vp(wm − 1) = 3; or when m = 39 or m = 117, for which v3(wm − 1) = 3.
This raises the question of determining the integers m 2, that are not prime powers, for which
wm − 1 has a cubic factor. A related question is that of determining the primes p for which
wp − 1 has a cubic factor prime to p.
A further question is to determine the pairs of distinct primes p,q such that p | (wq − 1) and
q | (wp − 1). In view of Corollary 4 to Proposition 4, the last two conditions together amount to
the condition that n = pq satisfies the congruence wn ≡ 1 (mod n). In [M], three such solutions n
to this congruence are given, namely n = 29×937 and n = 787×2543 and n = 69239×231433,
of which the first two are the only solutions n < 109 which are not prime powers. A simpler
question is thus whether the congruence wn ≡ 1(mod n) has infinitely many solutions that are
not prime powers.
Proposition 6. Let n be an integer > 1.
(1) If n is not a power of 2, then wn ≡ 0 (mod 2).
(2) If n is a power of 2, then wn ≡ 3 (mod 32).
(3) If n is even and n > 2, then wn ≡ 1 (mod n). In particular, all positive even integers n
satisfy (CW).
Proof. By a theorem of Legendre [Gr,Ri], if n =∑hi=0 2ini , with all ni ∈ {0,1}, is the 2-adic de-
velopment of n, then the 2-adic valuation of n! is given by v2(n!) = n−∑i0 ni . Moreover, since
2n =∑hi=0 2i+1ni has the same non-zero 2-adic digits as n, then v2((2n)!) = 2n−∑i0 ni , and
therefore
v2
((
2n
n
))
= v2
(
(2n)!)− 2v2(n!) = 2n −∑
i0
ni − 2
(
n −
∑
i0
ni
)
=
∑
i0
ni.
In other words, v2
((2n
n
))
is equal to the number of non-zero 2-adic digits of n. Thus, if n is
not a power of 2, then it has at least two non-zero 2-adic digits, and therefore v2
((2n
n
))
 2, i.e.
wn = 12
(2n
n
)≡ 0 (mod 2). This proves (1).
On the other hand, by Corollary 1 to Proposition 4, w2k ≡ w2 (mod 25), for any positive
integer k. Since w2 = 3, this gives (2).
As to (3), it results immediately from (1) and (2). 
Note 3. Property (3) of Proposition 6 was already obtained by R.J. McIntosh, who gave a proof
of it in the original manuscript [M1] of [M].
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development of n, where the integers ni satisfy 0 ni  p − 1 for 0 i  h.
(1) We have p | wn if and only if ni  p+12 for at least one i ∈ {0,1, . . . , h}.
(2) If p  wn, then wn ≡ 12
∏h
i=0
(2ni
ni
)
(mod p), where, by definition, (00)= 1.
Proof. (1) By a theorem of Kummer [Gr,Ri], the p-adic valuation vp
((2n
n
))
of
(2n
n
)
is equal to the
number of “carries” when adding n and n in base p. Since wn = 12
(2n
n
)
and the prime p = 2, it
follows that vp(wn) = vp
((2n
n
))
> 1 if and only if there is at least one “carry” in the addition of n
and n in base p, which means that for at least one i, the sum of the p-adic digits ni +ni > p−1,
i.e. ni  p+12 . Hence the first result.
(2) If p  wn, then, by what precedes, 0  ni  p−12 for 0  i  h, so that the inte-
gers 2ni are exactly the p-adic digits of 2n. Then, by a theorem of Lucas [Gr,Ri], we have(2n
n
)≡∏hi=0 (2nini ) (mod p). Hence the second result. 
Proposition 7. Let n be an integer > 1.
(1) We have wn ≡ 0 (mod 3) if and only if n is not the sum of distinct powers of 3.
(2) If n is the sum of r distinct powers of 3, then wn ≡ (−1)r−1 (mod 3).
(3) If 3 | n, and either n is not the sum of distinct powers of 3 or n is the sum of an even number
of distinct powers of 3, then wn ≡ 1 (mod n), and therefore n satisfies (CW).
(4) For any positive integer k, we have w3k ≡ 10 (mod 35). Thus, if n is a power of 3, then
v3(wn − 1) = 2, so that wn ≡ 1 (mod 33), and therefore n satisfies (CW).
Proof. Let n =∑hi=0 ni3i be the 3-adic development of n, where the integers ni satisfy 0 
ni  2 for 0 i  h.
(1) By Lemma 6, wn ≡ 0 (mod 3) if and only if at least one ni  2, i.e. not all ni = 0 or 1, i.e.
n is not of the form
∑r
j=1 3ij , with 0 i1 < i2 < · · · < ir  h. Hence the first result.
(2) If n =∑rj=1 3ij , where 0  i1 < i2 < · · · < ir  h, i.e. ni = 1 if i ∈ {i1, . . . , ir} and
ni = 0 otherwise, then, also by Lemma 6, we have 3  wn and wn ≡ 12
∏r
j=1
(2
1
) = 2r−1 ≡
(−1)r−1 (mod 3).
(3) By what precedes, if n is not the sum of distinct powers of 3, then wn ≡ 0 (mod 3), and if
n is the sum of an even number r of distinct powers of 3, then wn ≡ (−1)r−1 = −1 (mod 3). In
either case wn ≡ 1 (mod 3), and if in addition 3 | n, then wn ≡ 1 (mod n). Hence the third result.
(4) By Corollary 1 to Proposition 4, w3k+1 ≡ w3k (mod 34+k), for all k  1. This con-
gruence holds in particular modulo 35, independently of k. Hence, by a simple induction,
w3k ≡ w3 (mod 35). Since w3 = 10, the fourth result follows. 
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